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A surrogate modeling strategy, using effective interpolation and sampling methods, facilitates a reduction in the
number of computational fluid dynamics simulations required to construct an aerodynamic model to a specified
accuracy. In this paper, two adaptive sampling strategies are compared for generating surrogate models, based on
Kriging and radial basis function interpolation, respectively. The relationships between the two model formulations
are discussed, and three test cases are considered, including analytic functions and recovery of aerodynamic
coefficients for two example applications: longitudinal flight mechanics analysis for the DLR-F12 aircraft and
structural loads analysis of an RAE2822 airfoil. For the airfoil example, models of C; , Cp, and C,; were constructed
with the two sampling strategies using Euler/boundary-layer-coupled computational fluid dynamics and a three-
dimensional flight envelope of incidence, Mach, and Reynolds number. The two sampling approaches direct some
samples toward exploration of the domain by minimizing model uncertainty and some toward refinement of local
nonlinearities, by adapting to model curvature or extrema. The results provide some evidence that, for certain
functions, in certain scenarios, each update scheme could be useful. Both methods were at least better than traditional

space-filling sampling for all the test cases presented.

I. Introduction

N RECENT years, there has been increasing adoption of surrogate

models in the aerospace community for generating databases
of computational fluid dynamics (CFD) data [1,2]. A surrogate
modeling strategy, using effective interpolation and sampling
methods, facilitates a reduction in the number of simulations required
to construct an aerodynamic database to a specified accuracy.
Interpolation allows a continuous model to be reconstructed from a
finite set of simulations, and an efficient method for sampling
the relevant parameters allows the interesting nonlinear aerody-
namics to be represented as well as possible, using a small budget of
CFD runs.

For aircraft structural loads analysis, a model of the global forces
and moments on the aircraft, and their corresponding distributions on
the components, is required across the flight envelope, which may
relate to a range of Reynolds numbers, Mach numbers, incidence and
sideslip angles, and control surface deflections [3]. Without surrogate
modeling, this parameter space is traditionally populated using a
factorial design with regular intervals in each dimension, which leads
to a large number of required simulations. A surrogate modeling
approach that reduces the amount of effort spent on sufficiently
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populating the space allows critical loads cases to be identified
earlier, and allows a greater amount of effort to be spent on further
simulations of these points.

Furthermore, as computational resources and simulation capabil-
ity increase, there is a growing desire to use physics-based
simulations for additional aspects of aircraft design. For example, the
design of unstable configurations could be helped by the use of
physics-based simulations to reduce the lead time on production of
high-quality aerodynamic models toward development of control
laws [4]. A model of global forces and moments with respect to
aircraft state and control variables is required for flight mechanics
analysis, which is typically fulfilled by a full factorial lookup table of
wind tunnel measurements taken relatively late in the design cycle.
This can be replaced by a surrogate model of CFD simulations taken
earlier in the design cycle, using an appropriate sampling strategy to
reduce the potentially significant computational cost of running a
new simulation for every entry in the table.

A comparison of sampling strategies for generating surrogate
models is presented in this paper, considering three test cases,
including analytic functions, recovery of aerodynamic coefficients
toward longitudinal stability and control analysis, and recovery of
aerodynamic coefficients toward structural loads analysis. Two
adaptive sampling methods [4,5], one based on Kriging [6] and one
based on radial basis function (RBF) interpolation [7], are compared
against a standard space-filling Latin hypercube approach, and full
factorial designs and their relative merits are discussed for the
different test problems. Adaptive sampling methods, which
incrementally add points based on interim models of the data, are a
natural accompaniment to surrogate modeling, and especially so for
problems involving expensive simulations in which it is not possible
to generate all the required data simultaneously. The two approaches
presented both aim to direct a portion of the update samples to
refinement of local nonlinearities and the remainder to exploration of
the parameter space.

First, the relevant background is discussed, then the model
formulations are presented, followed by the sampling strategies and a
discussion of results for the three test cases. In the results section, the
two-dimensional analytic test functions are presented first, followed
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by the simple stability and control analysis application, which uses
data from the U.S. Air Force Stability and Control Digital DATCOM
[8], and finally the structural loads analysis application, which uses a
set of simulation data for the RAE2822 airfoil generated using the
MSES flow solver [9], and which incorporates some highly nonlinear
features.

II. Background

Much of the current thinking on the design of experiments for
surrogate modeling of computer simulations stems from the paper
by Sacks et al. [10], who presented a statistical framework for
building surrogate models and determining sample locations by
minimizing an associated uncertainty measure. They noted that,
for deterministic data, modeling error can be minimized without
any knowledge of the data by placing samples in a space-filling
manner. Thus, it has become customary to use space-filling
designs for constructing global surrogate models where good
accuracy is required throughout the whole parameter space. They
also made the distinction between one-stage sampling methods,
sequential sampling methods, and sequential sampling with
adaption to the data, depending on how the chosen sampling
criterion is evaluated. Adaptive sampling offers a potential
improvement to customary one-stage or sequential space-filling
methods by using information from successive metamodels as the
number of points is increased.

The most notable space-filling methods include factorial designs,
Latin hypercube sampling (LHS), low-discrepancy sequences, and
designs based on statistical optimality criteria (A-, D-, and G-
optimal designs), which are discussed in the detailed review papers
by Giunta et al. [11], Koehler and Owen [12], Simpson et al. [13],
and Chaloner and Verdinelli [14]. Factorial designs are extremely
simple to construct and convey results intuitively, hence they
have traditionally been used for computer simulations when no
surrogate is constructed, despite having relatively poor space-filling
properties. Latin hypercube designs are probably the most popular
method for constructing surrogate models, but in their original form,
as presented by McKay et al. [15], space-filling behavior is not
guaranteed. The Latin hypercube requirement is simply that all one-
dimensional projections of the design have the maximal number of
intervals, and it is necessary to then select from the possible Latin
hypercube designs for a given number of points using a separate
criterion that quantifies how space-filling different arrangements
are. This can be done by maximizing the minimum distance
between samples (a maximin distance design [16]) or by minimizing
the “potential energy” of the sample set (an Audze—Eglais design
[17]), either of which is quite a challenging optimization problem
in practice ([18] pp. 17-27), because the number of possible
permutations of sample coordinates increases dramatically with
dimensionality and the number of samples. An alternative might be
to use a deterministic (hence, cheap to compute) low-discrepancy
sequence, where discrepancy is a measure of the uniformity of the
samples produced. One of the best known sequences, in terms of the
rate of convergence of the discrepancy with respect to the number of
samples, is the Sobol sequence (also the LP, sequence, or (¢, s)
sequence of base two) [19,20].

The Sobol sequence employs a somewhat similar concept of
stratification to LHS, whereby the interval [0, 1] is split into
successive uniform intervals using special binary fractions, called
direction numbers, providing coordinates for each dimension
[21,22]. Unlike LHS, however, careful formulation of the direction
numbers for each dimension and imposed uniformity properties
produce a deterministic sequence that can be used to generate space-
filling points very efficiently, with a discrepancy convergence rate of
O(log" N) for N points in n dimensions, which is believed to be as
good as possible for an infinite sequence [20].

In general, adaptive methods are either multiple-criteria methods
or statistical methods, with criteria that reflect both the spread of the
data and the function values themselves. Jin et al. [23] provide a fairly
comprehensive description of many existing methods and some
proposals of their own. They propose a two-criteria method based on

the leave-one-out cross-validation (LOOCV) error,! evaluated
throughout the domain, and scaled by the distance to the nearest
existing sample point. This is a promising form of approach, also
used by Aute et al. [24] and others, but the LOOCV error can
be a particularly poor indicator for adaptive sampling if the initial
model contains too few data points. Also, the computational cost
of calculating the LOOCYV error explicitly at arbitrary locations
is of O(N*) for N samples, hence an interpolated model of the
LOOCVerror at the data sites is often used [24] (for which O(N?) can
be achieved [25]), but this introduces an additional level of
approximation.

Another two-criteria approach worth mentioning is by Tang et al.
[26], who developed a strategy for sampling a three-dimensional
flight envelope for a crew transfer vehicle, which achieved good
results. They divided the domain into bins with only one point
allowed per bin, placed randomly within it, and then chose only to
add points in bins with large gradients or Laplacian. Other authors
have also used a function gradient criterion and a separate space-
filling criterion, notably Turner et al. [27] and, more recently,
Jakobsson et al. [28], who used a rational RBF model and based the
space-filling criterion on the power function, which is an uncertainty
measure for RBF models.

Statistical criteria, using the framework of Sacks et al. [10], are
particularly popular owing to the widespread use of Kriging models.
Maximizing the entropy, or amount of information provided by a
sample, is the simplest and most intuitive of these methods, involving
successively adding sample points at the locations with the largest
value of error predicted by the Kriging mean squared error (MSE)
function [29]. This will be referred to as the entropy or MaxMSE
criterion. MaxMSE samples are primarily space-filling but adapt to
the relative variability of each coordinate direction as well, because
the MSE function is dependent on the both the sample positions and
the Kriging model parameters, which are optimized to fit the data. A
number of statistical criteria have also been developed for the purpose
of global optimization, which attempt to both explore the domain and
refine minima or maxima [30]. This is a slightly different objective to
refining nonlinearities everywhere in the domain, but optimization
criteria can be useful for building complete surrogate models as part
of a larger sampling strategy, ensuring that the absolute values
of peaks and troughs are well predicted. A popular statistical
optimization criterion is the expected improvement function (EIF),
described in detail by Jones et al. [31].

Adaptive sampling strategies developed by the authors have used
the MaxMSE and EIF criteria to develop Kriging models for tables of
aerodynamic data for stability and control analysis [4], and used the
model Laplacian and a sample separation function to build RBF
models of analytic functions and aerodynamic data [5,32]. In this
work, the RBF sampling approach is given a space-filling criterion
based on the power function, and the two methods are compared
for the chosen test problems, with factorial designs and Audze-
Eglais-optimized Latin hypercube sampling used as baseline data-
independent methods.

To further reduce the cost of generating models of aerodynamic
data, it is possible to use gradient information for constructing the
surrogate [33], or to merge data from both low- and high-fidelity
simulations [3,4,34,35], or from simulation and experiment [36].
Variable fidelity modeling such as this also introduces the possibility
of sampling based on the difference between the high- and low-
fidelity data. However, for simplicity, the scope of this comparison
study is limited to regular surrogate models.

III. Methods

The formulations of the Kriging and RBF models are presented
here. Let y(x) be the original function to be modeled, and let y; be the

IThe LOOCY error at x for a given sample i is the difference between the
full model and the model with point i removed, i.e., y_;(x) — y(x). For
adaptive sampling, this must be evaluated at arbitrary x throughout the domain.
LOOCYV can also provide a single global error metric for the whole model by
taking the norm (usually L' or L?) of these errors at all sample locations.
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values at N sample points where x; is the vector of coordinates
X; = {X;1, ..., x;,y for the ith sample point. The samples can be
described as a set X = {x;, ..., Xy} confined to the domain Q in
n-dimensional space, which is normalized to the unit hypercube
[0, 1]* for interpolation. The label y denotes a scalar function, and
multivariate responses are considered by constructing separate
models for each response.

The Kriging model was implemented using the DACE toolbox
developed by Lophaven et al. [37,38], and the RBF model was
implemented by the authors, using the theory presented by Wendland
[39] and Fasshauer [40] as reference.

A. Kriging Model

A Kriging model approximates the target function at an untried site
X, as

Y(x) =pte ey

where u is the mean value and € is a normally distributed error term
with zero mean and variance 6. Different types of Kriging models
based on different assumptions about the mean are discussed by
Goovaerts [41]. Universal Kriging assumes only that the mean value
u is a linear combination of known functions f1(x;), ..., fy(x;). It
is common to use linear functions f(x;) = 1,x;, ..., %;,, such
that the mean is a linear regression model, but higher-order terms can
be used. A universal Kriging model is written as

M
Fx) =Y nifulx.) +e 2
k=1

where y = {y;, ..., 7y} is the M-dimensional vector of regression
coefficients, and M = n + 1 for a linear mean.

The error term € is assumed to be a random process, because it is in
a pure regression model, but is assumed to be a continuous function
e(x) with correlated values ¢;,i =1, ..., N depending on their
distance apart. To estimate the correlation for the error term, a
spatially weighted distance formula between samples x; and x;; is
generally defined as

d(x;, x;;) = Zeﬂxi‘j = Xii 17, 0;20,p; €[1,2) (3)
=

where the parameter 0; expresses the importance of the jth coordinate
and the exponent p; is related to the smoothness of the function in
coordinate direction j. A correlation matrix R of all pairwise
correlations can then be written as

¢1,I ¢1,2 e ¢I‘N
¢2.1 ¢2.2 T ¢72,N

. . “4)
vy dn2 0 Pun

where ¢; ;;(X;, X;;) is the correlation function. The form of ¢ can be
chosen, and for this work a standard exponential of the form ¢, ;; =
e~ 4xiXi) was used, with all p ; fixed to two. This is an intuitive choice
because ¢(x) is then a Gaussian process, and the correlation function
¢ has a radial basis.

To compute the Kriging model, values must be estimated for the
regression coefficients yq, ..., 7y, in conjunction with the model
parameters 0, ...,0, (and pq, ..., p, if used). The parameters can
be quantified by an optimization process called maximum likelihood
estimation, as discussed in detail by Toal et al. [42] and Martin and
Simpson [43], and a generalized least-squares (GLS) fit for the mean
gives

y = (FTR™'F)"'F'R"y (5)
The predictions at an unsampled location x,, can then be obtained by

expanding Eq. (1). By writing the correlation and regression terms as
follows,

P fi1(xs)
) fa(xy)
r= : , = : s
¢;,N Fu(xy) ©)
fix) fax) e fu(x)
F— f1(x2)  fa(x2) o fu(x2)

A6 Fal5n) o Fulx)
the standard form of the Kriging predictor for point x,, is given by
¥(x) = pux) +ex,) =fy+r'RM(y-Fy (7
An alternative way of writing Eq. (7) is as follows:

yx) =ty +r'p, p=RNy-Fy) ®)

N
= u(x,) + Y Bip(x.. X)) ©)
i=1

which shows that a Kriging model can be described as a linear
combination of basis functions, scaled by the coefficients f;, plus a
contribution from the mean [31]. Equation (8) is useful in practice,
because the vectors # and y are fixed and may be stored after their
initial calculation.

An uncertainty measure can also be calculated for the predictor.
The Kriging variance, or mean squared error as it is usually called
[10], is given by

s2(x,) = 6*(1 + u"(FTR-'F)~"u —r"R-r),

(10)
u=FR'r—f

where 67 is the sample variance with respect to the mean y, given by

P = (y-F) RIy-F) =R (D
If x,, is close to a sample point, there is a small amount of uncertainty
in the model and, conversely, if x,, is far away from all sample points,
there is a large amount of uncertainty. The MSE function reflects this
and has a value of zero at the data sites and an increasing value away
from them, dependent on the correlation between x, and the other
points, which is a function of distance and the model parameters, but
has no direct dependence on the response values.

B. Radial Basis Function Interpolation

An RBF model is a linear combination of basis functions, whose
argument is the Euclidean distance between the evaluation point x,
and all points in the training dataset, known as the basis function
centers. If ¢ is the chosen basis function and || - || is used to denote the
Euclidean norm, the interpolation model has the form

N
$x) =Y Bip(lIx —xil) + p(x.) (12)
i=1

where f;,i = 1, ..., N are the model coefficients, and p(x,) is an
optional polynomial. The coefficients are found by requiring exact
recovery of the original data y, = y for all training data points X.

The model is then a sum of contributions from the polynomial
p(x,) and the basis functions, which form a set of departures. The
general form for a polynomial is given by

M
P(X) =Y refi(x) (13)
k=1
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where f(x) are the monomial components, and y; are the M
additional coefficients that must be solved for. A side constraint is
introduced to provide the additional equations required to solve the
system. This ensures that the polynomial is orthogonal to the basis
functions, which is the same as requiring a GLS approximation. The
side constraint is written as

N
Zﬂifk(xi)ZO, k=1,....M (14)
i=1

The problem can be cast as an augmented linear system in matrix
form, which must be solved before any new approximations can be
made. Writing the training data vector y, the coefficient vectors  and
v, and the matrices of basis function and monomial terms R and F,
respectively, the system may be written as follows:

UL AR

where
¢1.1 ¢1,2 ¢1,N fl,l fl,M
$r1 P2p 0 on fo1 o fom
= o FEp (16)
by bwa o Fxa = faw

and where ¢; ;; = ¢([x; — x;;|1), fix = fi(x;). The points X; and x;
are both data sites, and R contains basis function values for all
pairwise combinations.

The solution of the system is given by

y=FR'F)TF'R Yy g=R(y-Fy) an

= (R~ —=R-!F(F'R"'F)~! F’'R)y (18)

This allows the response at an arbitrary evaluation point x,, to be
calculated using

Y(x) =r"p+ 1ty (19)

where r and f are vectors of basis function and monomial terms for
the point x,,, respectively.

The form of basis function chosen governs the stability of the
system, the smoothness of the interpolation, and its predictive
capability. It was decided to use Wendland’s C* function ¢3, =
(1 =18 (35r% + 18r + 3) for this work [39]. Wendland’s functions
¢, x are compact functions of minimal degree for a stated number of
continuous derivatives C?* in n dimensions, and they offer a good
compromise between matrix conditioning and modeling behavior.
They decay to zero at a given distance from the center, known as the
support radius R. In addition to the support radius, it was decided to
use weighting parameters w; for each dimension to allow the norm to
be biased in certain parameter directions. Thus, the basis function
argument is a scaled and weighted Euclidean distance given by

1 n
”X* - Xi”scaled = E Z w?(xj,* - xj.i)z (20)
j=1

The weights (and, therefore, R) can be tuned to give the best possible
model according to some accuracy measure. For this work, w; values
were determined using a particle swarm optimizer [44], with
minimizing LOOCV error at the data sites as the objective, in a similar
approach to that of Rippa, who developed an efficient algorithm for
optimizing a single basis function shape parameter [25].

A standard uncertainty measure can also be constructed for RBF
interpolants, based on the power function and the native space norm
[28,40]. The power function Py y(x,) quantifies the component of
interpolation error that is dependent on the basis function, model
parameters, and sample locations, and is given by

Py x(x,) = \/45(0) +u’(F'R'F)'u-r"R'r,
u=FRIr—f @1

This can be scaled by the native space norm |9y x|, , which
quantifies the variability of the training data, to give the more generic
uncertainty measure Py, v (X,) |9y, X”N‘,,’ although this quantity still
has no direct spatial dependence on the function values. The native
space norm has a scalar value, given by

I5y.elly, = F"RS 22)

It should be apparent that there is a great deal of similarity between
the Kriging and RBF model formulations and their error estimates. In
fact, the only significant difference between the methods as
implemented is the choice of basis function and model parameters,
which reflect different logical choices (and conventions) arising from
the different branches of mathematics used for derivation.

C. Maximum Mean Squared Error and Expected
Improvement Function Sampling Criteria

As mentioned in Sec. I, the aims of the sampling strategy are to
explore the domain and refine regions of local nonlinearity to produce
an accurate model. The Kriging MSE can be exploited to achieve the
first of these goals and, to a small extent, the second. As a measure of
model uncertainty that is dependent on the distance to existing
samples and the model parameters, s(x) can be used directly as a
sampling criterion by simply adding a point at the maximum value.
This is the MaxMSE criterion, which gives predominantly space-
filling points, with emphasis on certain parameter directions
according to the optimized ;.

The EIF is a statistical criterion, developed for efficient global
optimization [31]. The EIF leads to points that maximize the
expectation of improvement upon the global minimum or maximum
of the current predictor and can be used to refine significant peaks and
troughs in the model. An estimate of the optimum value of the
function is first found based on the available samples, for example,
Ymin = min(yy, y3, ..., yy). The Kriging predictor at any point can
then be regarded as a random variable with mean y and variance s.
Viewed in this way, a probability can be computed that the value at
any point will fall below the current minimum (or above the
maximum). The EIF is obtained by weighting the possible
improvements by these probability densities and, for minimization, is
written as

o] = | Omn = HPCED 500 520y

where ¢ and @ are the probability density and cumulative distribution
functions. New samples are located by finding max E[I(x)].

For modeling aerodynamic loads data, refinement of the minimum
and maximum coefficient values is desirable in addition to overall
modeling accuracy. Moreover, accurate prediction of extrema values
can also be expected to improve the model fit and therefore average
error. A sampling strategy based on initial use of the MaxMSE
criterion, followed by a number of EIF samples directed toward
finding both the global minima and maxima in turn, was proposed by
the authors [4], and the same strategy is used for this comparison
study. The ratio of MaxMSE and EIF samples used is decided for
each problem, and the method requires a small set of space-filling
samples to build an initial interpolation.

D. Power Function and Curvature Sampling Criteria

A sampling criterion for RBF interpolation has been developed by
the authors, using response surface curvature and a sample separation
function to achieve the two aims of local refinement and exploration
of the domain [5,45]. This places more emphasis on improving global
accuracy than the Kriging MaxMSE/EIF strategy, but does not
explicitly refine minima and maxima.



Downloaded by BRISTOL UNIVERSITY on April 5, 2013 | http://arc.aiaa.org | DOI: 10.2514/1.J051607

MACKMAN ET AL. 801

. Initial Points ° Initial Samples
" o Update Points o Updated Samples
10 RBF 81 OLHS T Evaluation Grid 1 pgEyrErEE —  Evaluation Grid
----------- Kriging 81 OLHS it TEHTSID EHE e
———— RBF 25456 g 1 ﬁ i SR e
———— Kriging 25+56 0.8 HeiE 0.8 : ! |
w i 06
0102 asssaas: > t t FH
= RamEEE mEsua: Er "’”ﬁ 1
S i Jﬁ: : : ﬁzz&?
ERAn| i i i R Eiiin
107 0 T oy S T i D
30 40 50 60 70 80 0 02 04 06 08 1 04 06 08 1

Total Points

a) RMSE convergence

AN
,;421’5}”:":‘:0'\“\\
e
o
A
g

RERERD
KRR

O
000
A

N
AN

Y
7

d) F (x,y)

¢) RBF model
Fig. 1 Franke’s function, interpolation error, sample placements, and models; 25 + 56 points.

The method requires an initial set of samples to first build an
interpolation, and then update points are added based on a combined
criterion C, defined as the product of the modeled Laplacian and the
separation function. The separation function is a continuous function
that grows with distance from the data sites and must have zero value
when that distance is zero. For this work, the square of the power
function and the native space norm were used for the separation
function, which is then directly comparable to the MaxMSE criterion.
This differs from previous published work by the authors [5], which
primarily used an artificial function, created by interpolating values
of one at the data sites using a small support radius. The criterion is
given by

C = (V51 + 0P} v vy, @4)

where ¢ is an offset parameter to ensure a nonzero value when
|[V2$| = 0. The largest values of C indicate promising new sample
locations, and the formulation given in Eq. (24) achieves a balance
between adding points in locations where the data are nonlinear and
adding points in unsampled regions of the domain. This is different to
the Kriging MaxMSE/EIF strategy, in that the two effective criteria
are switched on all the time.
The Laplacian of the interpolation model can be calculated by

n 62
V) =
Y ;wc

N"\<>

(25)

~

and model derivatives for a given direction x; can be evaluated at
arbitrary locations by applying the following differentiated form of
Eq. (19):
’y ! *fT
=S A Sy (26)
x5 x5 X
The interpolation coefficients $ and y for a dataset X remain the same
for derivative evaluations, which are no more expensive than
additional function evaluations.

A

o Initial Samples
o Update Samples
Kriging Model

Initial Samples
Update Samples
RBF Model

<

f) Kriging model

IV. Results

A. Analytic Test Functions

Previous work demonstrated that sampling based on RBF model
curvature worked well for two-dimensional analytic functions [3]. It
was decided to use two of the more challenging of these test functions
as an initial comparison for this work, herein referred to as Franke’s
function [46] F(x, y) and the droplet function D(x, y), given by

F(x,y) = %e—%(<9x—2>2+<9y—2)2> + %e—ﬁwwl)z—#@yﬂ)z

+ %ef%<(9xf7>2+<9y73)2) - % e~ O =1 Q = [0,1 (27)

D(x,y) = —4e¥@H) 4 77PN Q=[-1, 17 (28)
For these examples, optimization of the sampling criteria was done
using a search on a fine grid of 51 x 51 (512) evaluation points in
accordance with the original results, and sampling was stopped when
a predetermined budget of samples had been exhausted. The two
methods could then be compared with each other and with equivalent
nonadaptive full factorial (FF) and optimized Latin hypercube
(OLHS) designs= for reference. Two different numbers of points
were chosen for this purpose, 49 and 81, allowing comparison
between the two adaptive methods using 47 initial points plus 33
updates, with a 7> full factorial design and 49 OLHS points as
reference, and similarly for 5> + 56 points with 92 FF and 81 OLHS
points as reference. One-third of the total points, or as close as the FF
designs will allow, have been allocated as initial points, which is the
guideline strategy suggested by Forrester et al. ([18] pp. 102-103).

Figures 1 and 2 show the results for methods using 52 + 56 points
and OLHS nonadaptive samples. The original test function shape,
root mean squared error (RMSE) convergences, and the sample
positions and final models with residuals [y(x,) — y(x,)] for the
adaptive methods are shown. Table 1 also summarizes the final
results for configurations not plotted. A naming convention has been

**All Latin Hypercube designs for this work had the corner points added,
inclusive of the total number of points.
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Fig.2 Droplet function, interpolation error, sample placements, and models; 25 + 56 total points.

used here, first indicating whether an RBF (R-) or a Kriging (K-)
model has been used, then indicating the type of nonadaptive samples
(FF or OLHS), and, if applicable, followed by the adaptive criterion
used, either C (C) or MaxMSE/EIF (M/E).

For fixed sets of points (e.g., 72 FF, 9 FF), the Kriging models
should theoretically be slightly better suited to these test functions,
because the smoothness of the Gaussian correlation function matches
the response, but it can be seen that there is no clear advantage evident
in the results. The existing differences are a necessary observation to
put further results into context, however.

Both adaptive sampling strategies perform well for Franke’s
function, although the RMSE convergence graphs show that the error
in the Kriging model reduces to a low level faster than the RBF
model. This is perhaps surprising because, up until the final 10% of

X

c¢) Samples, Kriging

Initial Samples o Initial Samples
Update Samples o Update Samples
RBF Model —  Kriging Model

ANe)
e
N

N

9
o

SO
Sl
Sy

f) Kriging model

samples for this test case, the Kriging model uses MaxMSE samples,
whereas the RBF model uses the directly equivalent power function
combined with second derivative information. In fact, the space-
filling MaxMSE criterion has first sampled the minimum for Franke’s
function (causing a sharp drop in RMSE) earlier than the curvature-
based criterion, which emphasizes improvement of the known
features more than exploration of the domain. Note also that the
Kriging MaxMSE criterion produces space-filling samples slightly
denser in y than x, due to differences in optimized 6, and 6. A further
difference in the sample locations is that the EIF has led to refinement
of the global minimum and maximum, but curvature-based samples
have caused refinement of all three prominent features, including the
additional local maximum. Looking at the results table, the minimum
and maximum values for Franke’s function are determined very

Table 1 Final results for the analytic test functions, all configurations
Method Total points F(x,y) D(x,y)
RMSE Min Max RMSE Min Max

R-FF (7%) 49 0.01156 —0.12502 1.03517 0.27284 —2.60185 3.00000
K-FF (7%) 49 0.01200 —0.12506 1.03583 0.21952 —2.61051 3.00000
R-FF/C (4% + 33) 49 0.00779 -0.17727 1.03909 0.12090 —2.89483 3.00000
K-FF/M/E (4% + 33) 49 0.00846 —0.19664 1.03924 0.16851 —2.65103 3.00000
R-OLHS (49) 49 0.00896 —0.19187 1.03428 0.36075 —2.43084 0.00366
K-OLHS (49) 49 0.01130 —-0.19163 1.03749 0.36514 —2.43535 0.00884
R-OLHS/C (16 + 33) 49 0.00714 -0.19747 1.04015 0.15565 —2.77027 2.90975
K-OLHS/M/E (16 + 33) 49 0.00853 -0.19747 1.03924 0.17548 —2.66233 3.00000
R-FF (9?) 81 0.00425 —0.16522 1.03696 0.06149 —2.77838 3.00000
K-FF (9%) 81 0.00420 —-0.17167 1.04134 0.05455 —2.58278 3.00000
R-FF/C (5% + 56) 81 0.00277 —0.19327 1.03888 0.04230 —2.68516 3.00000
K-FF/M/E (5% + 56) 81 0.00343 -0.19747 1.03924 0.05197 —2.62098 3.00000
R-OLHS (81) 81 0.00303 —0.19408 1.03896 0.13359 —2.93167 2.30904
K-OLHS (81) 81 0.00410 —0.19427 1.03946 0.14848 —2.78564 2.29828
R-OLHS/C (25 + 56) 81 0.00251 —0.18566 1.03925 0.04091 —2.70317 2.91463
K-OLHS/M/E (25 + 56) 81 0.00279 -0.19747 1.03924 0.05126 —2.62555 3.00000
Target —-0.19747 1.03924 —2.61926 3.00000
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closely using only 10% EIF samples for the Kriging models, whereas
curvature-based sampling does not capture these values quite as well,
particularly for the smaller case with 49 points.

For the droplet function, the EIF was used to generate half of the
total samples for the Kriging models, leading to very well-defined
rings of samples around the maximum and minimum annulus in
Fig. 2. However, this distribution of samples is relatively clustered,
and the curvature-based sampling leads to faster error convergence.
Slight increases in RMSE are due to the combined effect of
adaptive sampling and parameter optimization, hence it might be
suggested that the parameters should be fixed. However, preliminary
investigations showed that overall an optimized interpolation leads to
quicker error convergence; this has also been investigated by Toal
et al. [42], who draw the same conclusion.

In general, OLHS points give improved results compared with FF
designs for the initial samples. However, note that for the 52, 72, and
92 FF designs, the center of the domain is included, which captures
the maximum peak of the droplet function and improves the result.
The center point does not appear in any of the OLHS designs, as
shown in Fig. 3. For the case with 81 total points, the adaptive
methods initialized with 25 OLHS points produce better RMSE than
those initialized by the 5> FF design, despite this. An important
motivation for considering an FF design for the initial points is the
inclusion of points on the boundary to mitigate edge oscillations or
extrapolation; in general, interpolation errors are known to be greater
near boundaries than in the interior of the domain for constant sample
spacing [47]. It can be seen in Figs. 1 and 2 that the power function/
MSE component of the adaptive criteria places a significant number
of samples on the domain boundary when starting with OLHS
samples. The addition of corner points to the OLHS designs was also
intended to aid on this issue.

B. Aerodynamic Loads Model for DLR-F12

The second test case is an example representative of generating a
lookup table of forces and moments for stability and control analysis,
with a limited selection of input and output variables to simplify the
problem. For analysis of slow rate maneuvers, a model of the quasi-
steady aerodynamic behavior of an aircraft is required, which
involves knowing the variation of six-degree-of-freedom forces and
moments with respect to aircraft state variables (e.g., Mach, incidence
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Fig. 3 Optimized Latin hypercube samples on the domain [0,1], plus the domain corners.

and sideslip angles and their time rates, roll, pitch, and yaw rates) and
control variables (e.g., aileron, elevator, rudder, and flap angles)
[4,34]. To reduce the dimensionality of the problem, coupled effects
can be ignored for all but Mach number and incidence, reducing the
size from one model with 12 dimensions to 10 models with three
dimensions. The example presented here includes incidence a, Mach
number M, and elevator angle 0 to illustrate the problem, and the
longitudinal coefficients lift C; , drag Cp,, and pitching moment C,,
are modeled.

The configuration considered is based on the DLR-F12 wind
tunnel model, which is a 1:40 scale development model of a
commercial passenger jet. A lookup table of aerodynamic data for
this configuration was generated using DATCOM and interpolated to
increase resolution. The data encompass a, M, and 6 values in the
ranges [—10, +27 deg], [0.1, 0.8], and [-35, 435 deg] respectively,
and 493 points were used in the lookup table to give a fine evaluation
grid for subsampling using the adaptive criteria, and for accurately
calculating the RMSE. A two-stage evaluation grid of 243, followed
by 33 points, was used to search for optimum sampling criterion
values to decrease computation. In practice, an optimization
algorithm may be used, such as that for optimization of the
interpolation parameters [44], but a direct search was used for
robustness in this comparison study.

The reference data are shown in Fig. 4. The underlying physics,
and therefore absolute accuracy of the test data, is limited, but for the
purpose of this comparison, the function may be considered a black
box, with only the relative accuracy of the surrogate compared with
the original data being important. Within the parameter ranges
chosen, the forces and moment exhibit almost monotone trends in
incidence and elevator angle, with some nonlinearity in the Mach
number direction, hence, it was decided to use a limited number of
points to replicate them with the surrogate models. One hundred
twenty-five total points were used, with 42 OLHS + 83 updates for
the adaptive methods compared against 5° and 125 OLHS designs.
For the MaxMSE/EIF method, 10% of the total points were dedicated
toward expected improvement, split evenly between minimization
and maximization of the Cy, Cp, and C), responses.

To find optimal sample placements for all of the N, responses
simultaneously, the MaxMSE and RBF sampling criteria were
modified as follows:
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Fig. 4 Reference data for the DLR-F12 test case, § = —35 deg.
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Fig.7 RMSE convergence for the DLR-F12 test case, OLHS and 42 + 83 points.

maximum error, and it was decided not to run additional adaptive

N, N,
MaxMSE = max (Z S (x)) , C = max (Z Cy (X)) (29) designs with full factorial initial points. Kriging MaxMSE/EIF makes
k=1

k=1 a much closer approximation of the minimum and maximum values,

but fails to capture all six target minimum and maximum values

Figures 5 and 6 show the resu!ting RBF and Kriging models and exactly, owing to the limited number of samples available overall.
residuals for 6 = 35 deg, and Fig. 7 shows the RMSE convergence

for the two adaptive sampling approaches, with respective OLHS
interpolations as reference. In both cases, the final result is a slight

improvement over the space-filling design, with slightly faster Update Samples Updated Samples
RMSE convergence achieved with RBF interpolation and curvature- 08 pupesispuny —  Evaluation Grid OB pyegen Evaluation Grid
based samples than Kriging and MaxMSE/EIF. Looking at the 07 g Hﬁ N 0.7 e S HE
sample positions, shown in Fig. 8, the behavior of the two adaptive 0.6 FEEEHHEL ! i 0.6 it =il
R L= i C i il | 558

methods appears quite similar, with the effect of the curvature 05 : e 0.5 % Y
criterion being quite subtle, due to fairly even curvature in the = bl gé!m i = e
responses at both high and low incidence, Mach number, and elevator 03 IR e 03 o
angle. Both methods have again placed a number of points on the 0'2 R x 0'2 = i1
boundary, due to the use of the power function and MSE function, ' gg iﬂ# HIBHEERHE AN, “HIEE W &l 3
which have larger values on the boundary than the interior of the 01 0 10 20 015 0 20
domain for a given sample separation. o

Tables 2 and 3 list the remaining results. From this, it can be a) RBF b) Kriging
seen that the interpolations using OLHS points comprehensively Fig. 8 Flattened samples (showing all §) for the DLR-F12 test case,

outperform those with full factorial samples in terms of RMSE and 42 + 83 points.
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Table 2  Final results for the DLR-F12 test case, all configurations

Method RMSE Max error

CL Cp Cu Cy Cp Cy
R-FF (5%) 0.02896 0.00350 0.04655 0.16451 0.02337 0.23258
R-OLHS (125) 0.01120 0.00179 0.01407 0.09937 0.01704 0.15275
K-FF (5%) 0.03107 0.00375 0.04090 0.18250 0.02399 0.20772
K-OLHS (125) 0.01627 0.00185 0.01946 0.12497 0.01787 0.19189
R-OLHS/C (42 + 83) 0.00943 0.00141 0.01221 0.05750 0.01013 0.07206
K-OLHS/M/E (42 + 83) 0.01560 0.00179 0.01596 0.07961 0.07206 0.08554

Table 3  Final results for the DLR-F12 test case, all configurations

Method Min value Max value

CL Cp Cu CL Cp Cu
R-FF (5%) —1.05946 0.00785 -2.31276 1.79934 0.23572 1.64971
R-OLHS (125) —1.05286 0.00942 -2.32175 1.80695 0.23594 1.64749
K-FF (5%) —1.05635 0.00892 —2.31236 1.80486 0.23594 1.64749
K-OLHS (125) -1.07571 0.00833 —2.31236 1.83251 0.23594 1.66974
R-OLHS/C (42 + 83) —1.07772 0.00885 —2.35607 1.83658 0.23798 1.64749
K-OLHS/M/E (42 + 83) —1.08903 0.00844 —2.36126 1.83966 0.23779 1.64765
Target —1.08903 0.00844 -2.36126 1.83447 0.23779 1.64819

C. Aerodynamic Loads Model for RAE2822

The final test case is another example of aerodynamic loads
modeling, this time representative of a structural loads analysis
application. A rigid structure is considered here for simplicity,
although unsteady loads might be considered by applying a
secondary correction. Also, the problem of modeling the global loads
(integrated over the whole geometry) on an airfoil is considered,
which again is a notable simplification over the real problem, which
requires modeling distributed loads for components such as the
fuselage, wingbox, flaps, and slats, sufficient for a beam stick model
for a full three-dimensional configuration. For three-dimensional
configurations, either a separate approximation for the relationship
between global and distributed loads would need to be defined or
separate models constructed for different components (which would
likely not lead to consistent results).

The reference data are derived from MSES, a two-dimensional
Euler solver with coupled boundary-layer method that offers fast
execution time. The geometry is an RAE2822 airfoil [48], and C;,
Cp, and Cy; have been mapped for incidence, Mach number, and
Reynolds number values in the ranges [—6, +12 deg], [0.4, 0.8], and
[10°, 107]. As mentioned, this is a somewhat reduced problem, but the
data include transonic conditions and incidences beyond stall,
leading to some particularly nonlinear features in the responses. A
regression model was fitted to the CFD data (which included 11,000
simulations) to remove noise and obtain a complete dataset, filling in
for many post-stall incidences where the solver would not converge.
Again, the reference data were given a resolution of 493 points for
accurate RMSE calculation.

)

o

% it g %
Wiyt 7 W

ot i o S

I W N

Y Q

oy 1y

AT X

% I :,,,lm,,,;;;z”m/m X

0

iy
g TS
R o
O
sttty
iy
7

iy

.
i

it
i

ittt g X A
o O \ o
0 W\ (RGO
Y R
i I
Uyt lIy \\
i TR
i
iy /'l,,,,,,lll,,

X\

X\

"

A\

X\

X\

XX
SN

RN

o

55

(K
e 9
Aol :3‘:' e
o

The lift, drag, and pitching moment coefficients are shown in Fig. 9
for a Reynolds number of 10°. Variation in Re leads to a slight change
in C max and Cyy nin, but the responses are significantly less sensitive
with respect to this parameter direction compared with either
incidence or Mach. Because of the nonlinearity of the data, a budget
of roughly 500 points was chosen, which was an amount sufficient to
achieve a satisfactory model with a stratified factorial (SF) design
using 13 X 8 X 5 points (a, M, Re) biased in incidence and Mach
using knowledge of the shape of the response, which was then used to
compare against 500 OLHS points. The adaptive methods were
started with 83 and 166 initial OLHS points, with the MaxMSE/EIF
method using 50 (10%) update points for expected improvement,
split evenly between minimization and maximization of C;, Cp, and
Cyy, but excluding maximization of Cp because this maximum Cp
occurs in the domain corner at maximum Mach and incidence. Also,
to reduce the computational cost of generating the models, the RBF
and Kriging model parameters were tuned only once every 10 update
points.

Figures 10 and 11 show the final RBF and Kriging models and
residuals, and Figure 12 shows the RMSE convergence of the
different methods. It can be seen that the curvature-based sampling
achieves notably faster error convergence than MaxMSE sampling
for this test case. However, the final 50 EIF samples significantly
reduce the RMSE of the Kriging models, such that the final result is
very similar, or even slightly better. Both adaptive methods are
significantly more accurate than the pure OLHS designs, which
themselves are significantly more accurate than the manually
stratified designs. Figure 13 shows the sample locations for the

A

Fig.9 Reference data for the RAE2822 test case, Re = 10°.
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Fig. 11 Kriging models and residuals for the RAE2822 test case, Re = 10°, 166 + 334 points.

minimum of the Reynolds number range. This gives a good
indication of the overall sampling behavior with respect to @ and M,
and it can be easily visualized. The curvature-based sampling gives a
particularly nice sample distribution, with many points concentrated
at high Mach number, where there is a sharp feature in pitching
moment due to shock movement, and at high incidence around stall.
Tables 4 and 5 show results for the final interpolations for all
sample configurations. As with the previous test cases, the prediction
of the minimum and maximum values was significantly improved for
the Kriging models by adding a small number of EIF samples, but the
adaptive RBF models also perform very well in this regard for this test
case. It can be seen that the results using 83 initial points, or one-sixth
of the total number, are slightly worse than those using 166 points for
both the RBF and Kriging models. This indicates that there is indeed
an optimal number to choose, and that the recommendation of
Forrester et al. ([18] pp. 102-103) to use a fraction of one-third seems
valid here without conducting a more rigorous investigation.
Finally, another way of assessing the performance is to consider
the percentage savings in number of samples required to match the
accuracy of a traditional space-filling approach, using the adaptive
methods. This relates to the amount by which the sample budget

could be reduced, or the potential time saved in building a suitable
model, for real world applications. According to Fig. 12, the RBF and
Kriging methods afford a savings of 20 and 13%, respectively, over
the OLHS design. This is a notable improvement over the traditional
approach.

. Initial Samples . Initial Samples
0.8 o Update Samples 0.8 o Update Sarréples
- Hiet N — ion Grid -0 P A Y — i rid
0 T OO O e
oo o H38H paia nn L sna rma SR
0.7 i 07EE et G
S
FH } t T
= 0.6 5 : e i iiB
} . 3
£ £t Eo
0.5 RN 0.5pH: OFFFORTEFFH A
+7+7++ *’ 7+’7++7+j
0.4 -5 0 5 10 0 5 10
o° o
a) RBF b) Kriging
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Fig. 12 RMSE convergence for the RAE2822 test case, 500 OLHS and 166 + 334 points.
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Table4 Final results for the RAE2822 test case, all configurations

Method Total points RMSE Max error
CL Cp Cu CL Cp Cu
R-SF (13 x 8 X 5) 520 0.01004 0.00066 0.00117 0.06738 0.00821 0.00543
R-OLHS (500) 500 0.00359 0.00056 0.00069 0.05139 0.00930 0.00688
K-SF (13 x 8 x 5) 520 0.02081 0.00079 0.00223 0.12421 0.00889 0.01285
K-OLHS (500) 500 0.00376 0.00045 0.00088 0.05126 0.00662 0.01185
R-OLHS/C (83 + 417) 500 0.00262 0.00022 0.00054 0.01898 0.00118 0.00411
K-OLHS/M/E (83 + 417) 500 0.00245 0.00018 0.00039 0.02141 0.00143 0.00230
R-OLHS/C (166 + 334) 500 0.00227 0.00019 0.00041 0.02255 0.00121 0.00359
K-OLHS/M/E (166 + 334) 500 0.00222 0.00019 0.00040 0.01330 0.00117 0.00228
Table 5 Final results for the RAE2822 test case, all configurations
Method Total points Min value Max value
CL Cp Cu CL Cp Cu

R-SF (13 x 8 % 5) 520 —0.74355 0.00581 —0.10562 1.16445 0.17550 —0.00957
R-OLHS (500) 500 —0.74101 0.00609 —0.10374 1.15691 0.17550 —0.00895
K-SF (13 x 8 X 5) 520 —0.74343 0.00490 —0.10554 1.17030 0.17550 —0.01278
K-OLHS (500) 500 —0.75511 0.00524 —0.10398 1.16634 0.17550 —0.00969
R-OLHS/C (83 + 417) 500 —0.75282 0.00642 —0.10572 1.16574 0.17550 —0.00949
K-OLHS/M/E (83 + 417) 500 —0.75252 0.00677 —0.10566 1.16614 0.17550 —0.00953
R-OLHS/C (166 + 334) 500 —0.75274 0.00680 —0.10514 1.16376 0.17550 —0.00952
K-OLHS/M/E (166 + 334) 500 —0.75252 0.00678 —0.10566 1.16614 0.17550 —0.00953
Target —0.75252 0.00678 —0.10566 1.16614 0.17550 —0.00953
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V. Conclusions

For the purpose of aircraft loads analysis for structural design, or
stability and control analysis, the ability of a surrogate model to
predict aerodynamic coefficients across the flight envelope with
consistent accuracy, and the ability to predict critical loads cases
likely (but not exclusively) appearing at the minima and maxima, are
objectives which should be addressed by the sampling approach. Two
different adaptive sampling strategies for surrogate model generation
have been discussed and compared for a range of test cases, including
analytic functions and two aerodynamic loads modeling examples.

The results give some evidence that curvature-based sampling,
coupled with a theoretical estimate of modeling error [the radial basis
function (RBF) power function], which grows with distance from the
data sites, leads to models with improved root mean squared error
(RMSE) convergence compared with space-filling designs and
maximum mean squared error/expected improvement function
(MaxMSE/EIF) sampling. This was true for all of the example
problems except in one case, for the analytic Franke’s function, in
which MaxMSE sampling converged faster due to faster exploration
of the domain. There is also some evidence that sampling based on
theoretical modeling error (the Kriging MSE function) with the
addition of a few points allocated to the EIF leads to models with
good RMSE compared with space-filling designs and gives an
improvement in prediction of minimum and maximum values. This
was the case for all of the test cases conducted. Both adaptive
methods performed better than traditional full factorial and optimized
Latin hypercube designs over all of the problems conducted,
sometimes by a considerable margin, which is a necessary condition
that these methods could be of use in certain circumstances.

The ratio of MaxMSE to EIF samples deserves further
investigation and, potentially, an automatic method for determining
the most appropriate ratio could be developed based on the data. Also,
the number of initial and update samples for both methods could be
investigated further to verify the stated recommendation of using
one-third of the total points as initial points.

A further consideration would be the presence of numerical noise
in the simulation data. To overcome this, the RBF and Kriging models
could be adapted by including a regularization parameter (subtracting
a small quantity from the diagonal of the interpolation or correlation

matrix). The MSE/power function and EIF/curvature derivations
could then be adjusted accordingly, and the criteria applied in the
same way. However, the regularization parameter ought to be
optimized to give good results, and it is not clear how the convergence
of the update schemes would be affected coupled with reoptimiza-
tion, or if one-off optimization at the beginning of the process would
be sufficient. Hence, there are notable challenges to overcome.

Based on the studies conducted, a suggested strategy for similar
applications might be to use a combination of curvature-based
sampling, incorporating the RBF power function/Kriging MSE
function to explore the domain, and expected improvement function
points, added at the end to improve the responses values at extremum
values and further reduce RMSE.
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